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The  Analysis  and  Design  of  Feedback  Discriminators  applies 
to  both  systems  engineering  and  hardware  design.  The  report 
develops  a  linear  equivalent  model,  analyzes  the  model, 
examines  transient  response,  gives  thresholds,  presents  a 
design  procedure,  and  states  hardware  considerations.  The 
design  procedure  is  illustrated  by  an  example. 
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FOREWORD 

This  Technical  Note  on  Definitive  Contract  AF04(695)-113  has  been 
prepared  in  accordance  with  Exhibit  "A"  of  that  contract  and  Paragraph 
4.2.2  of  AFBM  58-1,  "Contractor  Reports  Exhibit,"  dated  1  October  1959, 
as  revised  and  amended. 

This  Technical  Note  attempts  to  provide  the  reader  with  an  under¬ 
standing  of  the  mechanism  by  which  feedback  discriminators  operate  and 
to  systematize  the  procedure  for  designing  a  feedback  discriminator. 

This  document  was  prepared  by  Philco  Western  Development  Laboratories 
as  a  supplement  to  the  basic  "Multipurpose  Receiver  Study,"  TR1850,  and 
is  fulfilling  the  requirements  of  Paragraph  1.2. 1.2  of  Exhibit  61-27A, 
"Satellite  Control  Subsystem  Work  Statement",  dated  15  February  1962, 
as  revised  and  amended. 
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defimitiom  or  nuts 


Symbol 

Terminology 

-flait 

A 

c 

Maximum  carrier  amplitude 

volts 

A 

n 

Maximum  incremental  noiae  amplitude 

volts 

a 

Equivalent  IF  pole 

rad/sec 

B 

n 

Loop  natural  reaonant  frequency 

cps 

BNIF 

IF  noiae  bandwidth  (low  paaa  equivalent) 

cps 

Bal 

Loop  noiae  bandwidth 

cps 

bhrf 

RF  noiae  bandwidth  (low  paaa  equivalent) 

cps 

b 

Low  paaa  filter  pole 

rad/sec 

CIF<t) 

Time  varying  IF  aignal 

volts 

C(a) 

Loop  S-plane  output  (at  low  paaa  filter  output) 

volta/rad/ 

sec 

eg(t) 

Time  varying  input  aignal 

volts 

c(t) 

Output  time  response 

volts 

■(•) 

Loop  S-plane  error 

cps/rad/ 

sec 

*2 

Maximum  VCO  amplitude 

volts 

F 

Feedback  gain  factor 

unity 

F1(a) 

Equivalent  8-domain  loop  input 

cps/rad/ 

sec 

F(a) 

Arbitrary  filter  input 

volts/rad/ 

sec 

fd 

Carrier  frequency  deviation 

cps 

fin(t> 

Total  loop  time  domain  loop  input  (frequency) 

cps 

fl<t) 

Equivalent  time  domain  loop  input 

cps 

f 

B 

Modulation  frequency 

cps 

f(t) 

Inverse  Laplace  transform  of  F(s) 

-viii- 
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, 

DEFINITION  OF  TERMS  (coat'd) 

s 

1 

- 

Symbol 

Terminology 

Unit 

r 

G(s) 

Arbitrary  filter  transfer  function 

unity 

g4(») 

Equivalent  IF  low  pass  transfer  function 

unity 

r 

Gb(.) 

Low  pass  filter  and  gain  constant  transfer  func¬ 
tion 

unity 

{■ 

i 

Gd(.) 

Desired  transfer  function 

volts/rad/ 

sec 

Gf(f) 

Equivalent  noise  spectral  density 

cps 

„ 

G0(«) 

Weiner  optimum  transfer  function 

volts/rad/ 

sec 

H(jw) 

H(s)  with  s  ■  Jw 

cps /rad/ 

sec 

H« 

Maximum  absolute  value  of  VCO  output  transfer 
function 

unity 

H(s) 

S-plane  VCO  output 

cps/rad/ 

sec 

Jn(P) 

Bessel  function  of  first  kind  n**1  order  and  argu¬ 
ment^ 

unity 

ka 

Amplifier  gain  constant 

unity 

Kd 

Discriminator  transfer  constant 

volts/cps 

K 

V 

VCO  transfer  constant 

cps /volt 

*1,2, etc. 

Arbitrary  residues 

unity 

N 

Ratio  of  equivalent  IF  pole  to  low  pass  pole 

unity 

N 

o 

Noise  power  spectral  density  normalized  in  terms 
of  frequency  (two-sided) 

cps 

"o' 

Noise  power  spectral  density  (two-sided) 

watts/cps 

V 

Normalized  noise  power  spectral  density  (two- 
sided) 

.2 

rad  cps 

n(t) 

Tlate  varying  incremental  noise 

volts 
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DEFINITION  OF  TOMS  (coat'd) 


Symbol 

Termiaoloay 

Unit 

PN 

Noise  power 

watts 

Ps 

Signal  power 

watts 

R(») 

S- plane  loop  input 

cps/rad/ 

sec 

r  (t) 

Input  time  function 

cps 

SNR 

Signal- to- noise  ratio 

unity 

t 

Time 

sec 

W(s) 

Discriminator  output  in  S- plane 

volts /red/ 
sec 

w(t) 

Time  domain  discriminator  output 

volts 

P 

Modulation  index 

unity 

PlF 

IF  modulation  index 

unity 

PRF 

Input  modulation  index 

unity 

e(t) 

Time  domain  loop  error 

cps 

c 

Loop  damping  factor 

unity 

ei*  l 

Loop  input  phase 

rad 

V, 

Extraneous  VCO  phase 

rad 

Time  weighting  function 

unity 

Threshold  improvement  factor 

db 

pDT 

Discriminator  threshold  SNR 

unity 

Pi- 

Loop  input  SNR 

unity 

PiD 

Discriminator  input  SNR 

unity 

PiT 

Loop  input  threshold  SNR 

unity 

*V>° 

Output  SIS 

unity 

-x- 


PHILCO 


WDL-TN62-9 


Symbol 

A 

0 


n 

*1 

u 

c 


u 


m 


U) 


u 


nl 


U) 


r''/ 

£ 

.ar' 


DEFINITION  OF  TERMS  (cont'd) 
Terminology 

VCO  signal  phase  estimate 

Input  noise  phase 

Input  information  phase 

Carrier  angular  frequency 

Discriminator  input  angular  frequency 

Angular  modulation  frequency 

Angular  noise  frequency 

Loop  noise  bandwidth  (angular  frequency) 

IF  center  angular  frequency 

Angular  frequency  step  input 

Fourier  transform 

Inverse  Fourier  transform 

Laplace  transform 

Inverse  Laplace  trensform 


Unit 

rad 

rad 

rad 

rad/sec 

red/sec 

rad/sec 

rad/sec 

red/sec 

rad/sec 

rad/sec 
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SECTION  1 
INTRODUCTION 


1 . 1  GENERAL 

This  report  on  feedback  discriminators  was  undertaken  in  order 
to  present  a  systematic  method  of  analyzing  and  designing  feed  back 
discriminators.  The  report  is  hopefully  written  in  a  manner  whick 
can  be  readily  understood  and  applied  to  problems  encountered  in 
designing  communication  systems. 

Historically  speaking,  feedback  discriminators  date  back  to 
the  early  days  of  7M.  For  example,  Chaffee  and  Carson,  two  of 
the  early  pioneers  in  FM  feedback,  published  papers  dealing  with 
feedback  discriminators  in  The  Bell  System  Technical  Journal  as  early 
as  1939.  But  until  recently,  feedback  discriminators  have  been  little 
more  than  laboratory  curiosities.  However,  as  of  late,  feedback  dis¬ 
criminators  have  been  successfully  employed  in  projects  Echo  and  Telstar. 

While  the  feedback  discriminator  performs  the  same  function  as  a 
standard  discriminator  in  that  both  devices  demodulate  frequency- 
modulated  signals,  the  feedback  discriminator  has  a  lower  closed  loop 
threshold  than  the  standard  discriminator.  This  threshold  lowering  is 
the  most  important  advantage  obtainable  through  using  a  feedback  dis¬ 
criminator  . 

A  designer  can  use  this  threshold  lowering  to  his  advantage  in 
several  ways.  For  example,  he  can  reduce  the  amount  of  transmitted 
power  and  thus  realise  a  monetary  saving.  On  the  other  hand,  he  can 
transmit  the  same  power,  increasing  transmission  reliability.  He  can 
also  increase  the  modulation  index  while  keeping  the  transadtted  power 
constant,  and  the  resulting  spreading  of  the  RF  spectrum  Increases 
detection  security. 


1-1 


PHILCO 


wi 


.oi 


LABORATORIES 


WDL-TN62-9 


SECTION  2 

A  QUALITATIVE  DESCRIPTION  OP  FEEDBACK  DISCRIMINATORS 


2.1  GENERAL 

Before  proceeding  with  e  detailed  discussion  of  feedback  discrim¬ 
inators,  it  seems  advisable  to  discuss  qualitatively  their  operation. 

In  carrying  on  this  discussion,  a  block  diagram  of  a  feedback  dis¬ 
criminator  will  be  utilized,  Figure  2-1.  The  feedback  discriminator 
employs  a  mixer,  an  IF  amplifier  with  a  bandpass  filter,  a  frequency 
detector  (discriminator),  a  low  pass  filter,  and  a  VCO  (voltage- control led 
oscillator).  An  FM  signal  is  applied  to  the  mixer  at  the  input  terminal, 
and  the  demodulated  base  band  is  obtained  at  either  point  W  or  point 
C. 


An  input  signal  is  multiplied  by  an  output  signal  from  the  VCO 
in  the  mixer,  and  the  resultant  signal,  which  is  an  FM  signal,  is  applied 
to  the  IF  amplifier.  The  IF  center  frequency  is  equal  to  the  difference 
between  the  input  carrier  frequency  and  the  VCO  center  frequency. 

The  purpose  of  the  amplifier  is  to  provide  sufficient  voltage  to 
the  discriminator  to  enable  it  to  operate  in  a  linear  manner.  The 
bandpass  filter  attenuates  noise  outside  the  bandwidth  of  the  IF  signal. 

A  standard  discriminator  is  then  used  to  demodulate  the  FM  signal,  and 
the  resulting  demodulated  baseband  is  passed  through  a  low  pass  filter 
to  achieve  further  noise  attenuation. 

The  output  of  the  low  pass  filter  is  applied  to  the  VCO.  Since 
voltage  chenges  at  the  VCO  input  manifest  themselves  as  frequency 
changes  at  the  VCO  output,  the  VCO  is  essentially  a  frequency  modulator. 
The  modulation  index  of  the  VCO  output  is  a  function  of  the  loop  gain, 
while  the  baseband  is  an  estimate  of  the  input  signal.  Moreover,  two 
FM  signals  are  then  beaten  together  in  the  mixer,  and  since  the  phase 
components  subtrect  in  the  mixing  process,  the  equivalent  modulation 
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INPUT 


Mixer 


IF  Amplifier  and 
filter 


Frequency  Detector 
(Discriminator) 


X 


Fig.  2-1.  Block  Diagram  of  a  Feedback  Dlacrimlnetor 
index  of  the  eignel  et  the  output  of  the  mixer  hea  been  reduced. 

With  thla  modulation  index  reduction,  fewer  baseband  sidebands  are 
needed  to  convey  the  information.  Consequently,  the  IF  bandpass  filter 
can  be  narrower  than  if  no  feedback  were  employed.  This  reduction  in 
noise  bandwidth  seen  by  the  discriminator  accounts  for  the  threshold 
reduction  achievable  with  a  feedback  discriminator. 
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In  the  anelysis  of  feedback  discriminators,  much  of  the  effort  has 
been  directed  to  development  of  the  idealized  situation  in  which  the 
loop  has  only  two  poles  (one  pole  is  contributed  by  the  IF  filter  and 
the  other  pole  is  produced  by  the  low  pass  filter).  Although  a  two* 
pole  loop  constitutes  an  optimum  design  from  the  standpoint  of  time- 
response  and  stability,  a  physically  realizable  design  will  have  more 
than  two  poles;  however,  careful  attention  to  design  details  will 
render  the  effects  of  the  additional  poles  negligible. 
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SECTION  3 

LINEAR  EQUIVALENT  MODEL 


3.1  GENERAL 

The  first  step  in  analyzing  feedback  discriminator*  is  the  reduc¬ 
tion  of  the  loop  parameters  to  their  "linear  equivalent"  forms.  This 
"linearization"  process  can  be  circumvented  in  the  analysis  of  feedback 
discriminators  (for  example,  the  analytical  development  can  be  carried 
out  using  differential  equations),  but  "linearization"  greatly  simplifies 
the  work  entailed  in  analyzing  and  designing  feedback  discriminators. 

The  "linearization"  process  is  here  defined  as  being  the  reduc¬ 
tion  of  loop  parameters  to  S-plane  or  Laplace  polynomials  when  the 
input  to  the  loop  is  considered  as  being  frequency.  A  detailed 
development  of  the  "linearization"  is  contained  in  Appendix  A. 


The  loop  components  prior  to  "linearization"  are  shown  in 
Figure  3-1.  At  the  VCO  output,  E.  is  the  maximum  VCO  voltage  amplitude; 

«  A 

u>2/2*  Is  the  VCO  center  frequency;  0  is  the  VCO  estimate  of  the  input  sig¬ 
nal  phase;  ©2  *  phase  term  enctynpassing  noise  jitter  as  well  as  all 

VCO  phase  components  not  contained  in  and  0 .  At  the  input  to  the 
loop,  A£  Is  the  maximum  voltage  amplitude  of  the  signal;  u>c/2jt  is  the 
carrier  frequency;  0 ^  is  the  phase  of  the  information;  0  q  is  the 
noise  phase  contribution.  The  equivalent  frequency  input  is  found 
through  differentiating  the  input  phase: 


Pin 


2* 


(3-1) 


When  sinusoidal  modulation  is  used,  the  Laplace  transform  of  equa¬ 
tion  (3-1)  is 
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*!<•) 


f  .  u 
a  m. 


12 


u 


?+a? 


(3-2) 


where 

■  carrier  frequency  devletion 
w  /2k  ■  modulation  frequency 

ID 

A  "  Maximum  incremental  nolle  voltage  amplitude 


The  mixer  shown  in  figure  3-1  multiplies  input  voltage  by  VCO 
output  voltage.  Therefore,  input  and  VCO  frequency  components  sub¬ 
tract  and  add,  but  the  resulting  addition  component  is  neglected 

since  a  bandpass  filter  centered  et  u  ■  u  -  follows  the  mixer. 

o  c  t 

The  subtraction  component  is  known  as  frequency  error. 


Before  discussing  "linearization"  of  the  bandpass  filter,  the 
discriminator  will  be  considered.  While  a  discriminator  generally 
has  an  "S"-curve  response  (l.e.,  output  voltage  amplitude  vs.  input 
frequency),  generally,  the  transfer  characteristic  is  approximately 
linear  throughout  an  operating  range  about  the  center  frequency. 
u>o/2x,  the  IF  center  frequency,  is  selected  as  the  discriminator  center 
frequency;  and  at  uq/2k,  the  distrimlnator  output  voltage  is  zero,  but 
the  discriminator  output  voltage  is  volts  whan 


W  -  U) 

1  o 


2a 


-  I 


Hence,  the  discriminator  transfer  function  is  K ,  in  the  linear  range. 

a 


As  far  as  the  band  filter  is  concerned,  it  is  converted  to  an 

equivalent  low  pass  function,  defined  as  Cft(s),  through  a  transformation 

which  is  detailed  in  Appendix  A.  In  this  transformation,  the  TF  >r 

bandpass  filter  center  frequency  is  converted  from  %  <  X3BBBP 

2a 
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For  example,  if  the  IF  bandwidth  ia  2a  rad/aec  and  if  the  filter  la 
a  single-pole  filter; 


Ga(s) 


a 

a  +  a 


(3-3) 


Notice  that  the  bandwidth  ia  reduced  a  factor  of  two  by  the  trans- 
formation. 


A  low  paaa  filter  and  a  video  amplifier  follow  the  discriminator 
in  the  loop.  The  function  of  G^Cs)  ia  defined  ao  that  it  encompasses 
these  two  quantities.  If  the  low  pass  filter  is  a  simple  6  db/octeve 
roll-off  filter  and  if  the  video  amplifier  has  a  voltage  gain  of 
Ka>  then 


Gb(.) 


V 


S  +  b 


(3-4) 


A  VCO  changes  ita  output  frequency  of  oscillation  as  a  function 
of  its  input  voltage.  In  the  feedback  discriminator  circuit,  it  is 
assumed  that  the  oscillatory  frequency  is  directly  proportional  to  the 
transfer  function  of  the  VCO  which  is  Ky. 


Now  that  the  loop  components  have  been  "linearized,"  a  composite 
model  can  be  constructed,  and  this  model  is  illustrated  in  Figure  3-2. 
For  this  model,  Ga(s)  and  G^(s)  assume  the  values  denoted  by  equations 
(3-3)  and  (3-4),  respectively.  The  model  shown  in  Figure  3-2  will 
be  used  as  a  basis  for  much  of  the  analysis  in  following  sections. 


Two  points  worth  stressing  are:  (1)  All  noise  bandwidths  are  double¬ 
sided  since  a  two-sided  noise  spectrum  is  used.  (2)  The  input  to  the 
loop  goes  through  a  limiting  process  before  reaching  the  loop.  Limiting 
eliminates  eaplitude  variations. 
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Bandpasa  Frequency  Detector 

Mixer  IF  (Dlecriminetor) 


Fig.  3-1  Block  Diegrea  of  a  Feedback  Diacriainator  Showing 
the  Input  Voltage  and  the  VCO  Output  Voltage 


% 
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SECTION  4 

TRANSFER  FUNCTIONS 


4. 1  GENERAL 

In  view  of  Che  analytical  necessity  of  being  able  to  express  loop 
response  in  terms  of  input  stimuli,  this  section  is  devoted  to  presenting 
loop  transfer  functions  in  terms  of  an  equivalent  frequency  input. 
Appendix  B  contains  details  associated  with  deriving  these  transfer 
functions. 

E(s)  W(s) 

Referring  to  Figure  4-1,  loop  transfer  functions  for  , 

C(s) .  His)  have  been  found.  R(s)  denotes  the  Laplacian  frequency 
R(s)  R(s) 

input,  E(s)  is  the  mixer  output  or  error,  W(s)  is  the  discriminator 
output,  C(s)  is  the  low  pass  filter  output,  and  H(s)  is  the  VCO  output. 
Table  4-1  gives  these  transfer  functions.  Here  the  general  case  with 
the  equivalent  IF  low  pass  transfer  function  of  G  (s)  and  the  low 

A 

pass  filter  and  gain  constant  transfer  function  of  Gb(s)  is 

wellas  the  two-pole  case  in  which  G  (s)  ■  —  and  G. (s)  * 

a  &  t  a  d 


ented  as 


S  +  b 


In  Table  4-1,  the  following  substitutions  are  used: 

to2  £  .  (1  +  K  K,  K.) 
n  ■  ab  v  d  A 


(4-1) 


2  £  to  A  a  +  b 

n  ■ 


Table  4-1  can  be  utilized  to  find  the  transfer  function  of  any 
loop  position  except  the  output  of  the  IF  filter.  If  in  the  loop 

jr 

being  analyzed;  G  (s)  +  ■  *■  -  and/or  G.  (s)  i  ~~TT  »  then  the  transfer 

characteristics  are  determined  by  substituting  the  correct  G^Cs)  and 
G^(s)  factors  into  the  second  column  of  Table  4-1. 
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TABLE  4-1 

LOOP  TRANSFER  FUNCTIONS 


LOOP  TRANSFER 
QUANTITY 

TRANSFER  FUNCTION 
FOR  GENERAL  CASE 

TRANSFER  FUNCTION 

FOR  TWO-POLE  CASE 

E(S) 

1 

S2  +  2tanS  +  ab 

R(S) 

1  +  Ga(S)Gb(S)KdKv 

S2  *  25  “ns  ♦  “n2 

W(S) 

R(S) 

O.CSJK,, 

(S  +  b)aKd 

1  +  Ga(S)Gb(S)KdK; 

„2  ,  _,a>  _  ,  o>  2 

S  +  25  nS  +  n 

C(S) 

R(S) 

G.<s)Gbcs)Ka 

ab  K,Ka 
d  A 

1  +  G  (S*G  *S)K.K 
a  b  d  v 

s2  +  25a,ns  +  V 

H(S) 

R(S) 

o>  2  .  ab 
n 

1  +  G  (S)G.  (S)K.K 
a  b  d  v 

02  ,  0,tD  _  .  to  2 

S  +  2£  nS  +  n 
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SECTION  5 

LOOP  THAM8IEMT  RESPONSE 


5.  1  GENERAL 

Transient  loop  error  for  sine  wave  modulation  and  a  frequency  step 
will  be  presented  in  this  section  (detailed  derivation  is  contained 
in  Appendix  C).  Transient  error  produced  by  input  frequency  stimuli  is 
of  Interest  for  several  reasons. 

One  reason  the  transient  error  merits  consideration  is  that  the 
transient  output  of  the  loop  can  be  readily  determined  from  the  transient 
error.  The  equation  expressing  this  relationship  is: 


where, 

c(t)  -  output  time  response  in  volts 
e(t)  -  error  time  response  in  cps 
r(t)  ”  input  time  function  in  cps 

Another  argument  for  considering  transient  error  is  the  effect 
transient  error  has  on  the  ability  of  the  loop  to  follow  input  frequency 
swings.  For  example,  if  the  error  frequency  is  sufficiently  offset  from 
the  IF  center  frequency,  then  the  loop  gain  will  be  less  than  one,  and 
the  loop  will  not  remain  locked  to  the  input. 

Assuming  a  sinusoidal  input  whose  voltage  form  is: 

Pg(t)  -  Ac  sin  (»ct  +  fd  cos  co^t)  (5-2) 

t 
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where, 

f  »  carrier  frequency  deviation 
a 

The  equivalent  frequency  input  of  equation  (5-2)  ia  then: 

f ,  (t)  -  f .  sin  0)  t  (5-3) 

1  a  m 

With  the  equivalent  frequency  input  given  in  equation  (5-3),  the 


Another  input  stimulus  that  will  be  treated  is  a  frequency  step. 
Such  a  phenomenon  is  characteristic  of  FSK  transmission.  However, 
the  steady  state  value  of  this  transient  error  will  be  equal  to  the 
steady  state  error  produced  by  any  carrier  shift,  regardless  of 
how  the  shift  takes  place.  With  a  frequency  step,  the  input  signal 
voltage  is: 
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When  the  input  stimuli  has  the  £orm  displayed  in  equation  (5-6), 
the  transient  error  is  as  follows: 


Explicit  transient  error  solutions  have  been  given  for  a  sinusoidal 
input  and  for  a  step  input,  but  if  a  solution  for  transient  error 
resulting  from  another  form  of  input  is  desired,  the  Laplacian  technique 
Illustrated  in  Appendix  C  can  generally  be  applied  to  the  problem. 
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SECTION  6 

SIGNAL-TO-NOISE  PERFORMANCE 


6. 1  GENERAL 

This  section  has  as  its  primary  objective  the  discussion  o£  the 
threshold  Improvement  achievable  through  using  a  feedback  discriminator. 
However,  a  comparison  will  be  made  of  the  output  signal-to-noise  ratio 
(above  threshold)  of  a  standard  discriminator  and  a  feedback  discriminator. 
Appendix  E  contains  the  detailed  derivations  convening  the  threshold 
problem  while  Appendix  G  is  dsvoted  to  the  details  concerning  output 
signal-to-noise  ratios  (SNR). 


A  feedback  discriminator  has  essentially  two  thresholds.  One  is 
the  open  loop  threshold,  which  is  the  threshold  of  the  standard 
discriminator  in  the  loop;  the  other  is  the  closed  loop  threshold. 

If  the  open  loop  threshold  is  reached  prior  to  the  closed  loop  thres¬ 
hold,  then  the  threshold  of  the  loop  is  determined  by  the  IF  SNR. 
However,  if  the  closed  loop  threshold  is  reached  first,  then  the  thres¬ 
hold  of  the  loop  is  determined  by  the  closed  loop  threshold  alone. 


6. 2  FORMULAS 

The  threshold  of  standard  discriminator  is  defined  as  the  lowest 
value  of  input  SNR,  with  fixed  IF  noise  bandwidth  and  modulation 
frequency,  for  which  the  output  SNR  is  given  by  the  following  formula: 


5 


(6-1) 


where; 

BNIF  "  IF  noi8e  bandwidth  (low  pass  equivalent) 

fa  ■  Modulation  frequency 

Pq  ■  Output  SNR 

BRF  -  Modulation  index 
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Table  8-1  o£  Appendix  8  Hats  discriminator  thresholds  for 

various  values  of  B^  f  _ 

m 


Moreover,  if  the  discriminator  in  the  loop  reaches  its  threshold 
prior  to  the  point  at  which  the  closed  loop  threshold  is  reached,  then 
the  threshold  of  the  loop  is: 


0  ■  0 
lT  mDT  B 


bhif 


nl 


where} 

-  Input  SNR  at  threshold 

P„  ■  Discriminator  SNR  threshold 
DT 

B  .  ■  Closed  loop  noise  bandwidth 


Since  BNIp  <  B  ^  it  is  obvious  from  equation  (6-2)  that  some 
degree  of  threshold  improvement  has  been  realised.  However,  a  greater 
threshold  improvement  is  generally  obtained  by  reaching  the  closed 
loop  threshold  first.  The  closed  loop  threshold  is  given  by  the 
following  equation  idiich  is  defined  in  noise  bandwidth  B 

P1T  "  <‘-J> 

where; 

F  -  1  +  K  K.  K. 

v  d  A 


To  ensure  that  the  open  loop  threshold  is  not  reached  prior  to 
the  point  at  which  the  closed  loop  threshold  is  reached,  it  is  necessary 
for  the  SNR  at  the  discriminator  input  to  be  above its  threshold  when 
the  loop  input  8MR  la  equal  to  the  closed  loop  threshold  SNR.  At 
the  closed  loop  threshold,  ths  discriminator  input  SNR  is: 
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P 


ID 


IT 


SaL. 

“nif 


where; 

PiD  ■  diecriminetor  input  SNR. 


(6-4) 


Substituting  the  right  side  of  equetion  (6-3)  for  ^iT  into 
equetion  (6-4)  yields: 


Compering  equetion  (6-5)  with  Table  E-l,  it  is  seen  that  the 

open  loop  threshold  is  satisfied  if  B  ,  ■  2.18  BMT_  and  F  ■  6. 

nl 


For  example,  suppose  a  carrier  is  being  modulated  by  a  1  Me  wave 
with  a  modulation  index  of  10.  Then  the  ratio  of  i8  equai  to 

24,  and  the  threshold  of  an  ordinary  discriminator  is  about  13  db 
(see  Table  E-l).  But  if  a  feedback  discriminator  with  F  »  10  is  used, 
the  threshold  is  calculated  from  equation  (6-3)  to  be  3.92  or  5.94  db. 
Moreover,  since  B^  will  be  smaller  than  the  24  Me  input  noise 
bandwidth,  a  further  threshold  enhancement  results.  Equation  (6-6) 
expresses  total  threshold  Improvement  as  follows: 

£  -  13  -  5.94  +  10  log.  n  -  (6-6) 

10  nl 

where: 

£  *  threshold  improvement  factor  in  db 


From  Appendix  G,  the  equation  for  SNR  at  the  output  of  a  feedback 
discriminator  With  post-detection  filtering  is: 
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To  summarise  the  results  Implicit  in  Section  6,  e  feedback  discriminator 

has  a  lower  threshold  than  a  standard  discriminator.  But  the  SNR  of  a 

2 

standard  discriminator  is  proportional  to  0__  while  the  SNR  of  a  feed- 

2  “ 

back  discriminator  is  also  a  function  of  (P^  ia  defined  in  ■ 
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SECTION  7 

OPTIMIZATION  OP  LOOP  PARAMETERS 


7.1  GENERAL 

In  designing  a  feedback  dlacrimlnator  or  in  examining  an  exiating 
design,  it  is  useful  to  know  what  the  optimized  loop  parameters  are. 

Knowing  tha  optimum  parameters,  a  designer  attempts  to  make  his  design 
approximate  the  optimum  configuration.  Moreover,  the  "goodness"  of  an 
existing  design  can  ba  ascertained  by  comparing  it  with  the  optimum  design. 

An  optimum  loop  has  only  two  poles;  the  reason  for  this  is  two/olcU 
Additional  poles  reduce  the  phase  margin  and  deleterioualy  affect  time 
response  (see  Appendix  B) .  If  tha  phase  margin  is  reduced  by  additional 
poles,  there  is  tha  possibility  that  the  loop  will  oscillate.  On  tha 
other  hand,  additional  poles  will  slow  down  the  time -response  of  the  loop. 

As  far  as  loop  parameters  are  concerned,  there  are  three  parameters 
to  optimise.  Loop  damping,  loop  gain,  and  filter  bandwidth  ratio  are  the 
three  parameters.  Taking  damping  first,  there  are  several  methods  of 
arriving  at  an  optimum  damping  factor. 

Unfortunately,  each  method  leads  to  a  different  answer  when  more 
than  two  polaa  are  Involved.  Two  optimising  techniques,  tha  Butterworth 
and  I TAB  forms  are  discussed  in  Appendix  B. 

Table  B-l  in  Appendix  B  gives  Butterworth  optimizing  forms  for  loops 
having  from  one  to  five  poles  while  Table  B-2  contains  ITAE  optimizing 
forms  for  loops  with  one  to  five  poles.  When  a  loop  has  two  poles,  the 
two  forms  agree  that  the  optimum  loop  transfer  function  denominator  is 
as  follows: 

D(s)  ■  S2  +  1.4  (o^S  +  oo£  (7-1) 
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Equation  (7*1)  naana  that  2  g  ■  1.4,  or  g  0.707  where  g  la  tha 
loop  daaping  factor.  It  la  not  always  poaaibla  to  hava  a  loop  da  oping 
of  0.707  dua  to  limltationa  inpoaad  by  tha  opan  and  cloaad  loop  thraaholda 
aa  wall  a a  cloaad  loop  noiaa  bandwidth.  For  axanple,  tha  raquiramanta 
Inpoaad  by  tha  opan  loop  thraahold  that  Bnj  »  2.5  Bggp  inpeaaa  tha  fol¬ 
lowing  raatrictlon  on  g  (aaa  Saction  6): 


(7-2) 


whara  N  ■ 

F  -  1  +  Ky  Kd  Ka 

Equation  (7-2)  iopoaaa  an  uppar  boundary  on  g.  In  ganaral ,  tha  re¬ 
lation  batwaan  g,  N,  and  F  la  * 


N  +  1  (7-3) 

2 


Aa  far  aa  F  la  concerned,  an  F  high  enough  to  give  aufflciant  band¬ 
width  coopraaalon  ahould  be  uaad.  However,  F  ahould  ba  made  aa  anall  aa 
poaaibla  ainca  an  incraaaa  in  F  will  raiaa  tha  cloaad  loop  thraahold 
jaaa  aquation  (6-3)J  and  will  incraaaa  tha  cloaad  loop  noiaa  bandwidth  aa 
ahova  in  tha  following  aquation: 


B  .  k _ J2L 

B«i  2  («  +  1) 


(7-4) 


whara: 


Bpj  -  cloaad  loop  noiaa  bandwidth. 

Tha  IF  noiaa  bandwidth  oust  ba  narrow  enough  to  aatiafy  tha  opan 
loop  thraahold.  However,  it  cannot  ba  a  charp  cutoff  filter  dua  to  sta- 
bllity  conaidarationa  (aaa  Appandlx  B) ,  and  it  muat  ba  aufficiantly  wida 
to  kaap  signal  diatortlon  at  an  accaptabla  laval.  Feedback  tends  to 
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raduca  dlatortlon;  hanca  It  la  poaaibla  to  lat  N  ■  for  tha  aatira 
ranga  of  0gF  inataad  of  tha  valua  indlcatad  by  Figura  6-1. 

Loop  atablllty  la  incraaaad  aa  0IF  la  Incraaaad.  Additionally,  tha 
IF  filtar  bandwidth  ahould  ba  mada  aa  wida  aa  poaaibla,  conaidarlng  tha 
opan  loop  thraahold,  ao  that  &  can  ba  mada  to  approach  0.707  (aaa  aquation 
7-3). 

Balancing  tha  pracading  conaidarationa,  Tabla  7-1  givaa  optimum 
valuaa  of  F  and  N  for  valuaa  of  pgj.  atarting  at  Pgj.  »  3;  if  tha  axpactad 
Pgp  ia  laaa  than  3,  an  ordinary  dlacriminator  ahould  ba  uaad.  Hara  F  ia 
not  allowad  to  axcaad  SO  bacauaa  a  valua  graatar  than  50  could  load  to 
loop  inatability,  and  a  minimum  practical  dlacriminator  thraahold  of  9  db 
ia  aaaumad. 
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TABLE  7-1 


OPTIMUM  VALUES  OF  H  and  F  for 
SINUSOIDAL  MODULATION 


PRF 

K  B„ 

F 

3<f>„<  10 

1 

ll 

£ 

5 

10  <  PRF  -  29 

2 

F  r  PRF/1. 26 

29  <  PEF  =  46 

3 

F  5  PRF/2 

46  <  <  80 

4 

F  5  PRF/2. 7 

80  <  P^  <  118 

5 

F  s  PRF/3.47 

118  <  <  167 

Kx  s 

6 

F  *  PRF/4. 2 

167  223 

7 

F  s  PRF/4. 9 

223  <  P^  <  280 

8 

F  *  PRF/5.6 

280 

PRF^ 

F  s  50 

50 
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SECTION  8 

DESIGN  PROCEDURE  AND  CONSIDERATIONS 

8.1  DESIGN  PROCEDURE 

Designing  la  made  a  tricky  proposition  by  the  open  loop  threshold 
and  by  the  need  to  naintaln  an  adequate  phase  margin  throughout  the 
operating  range.  Moreover,  optimising  loop  parameters  is  a  design  goal. 
Toward  this  end,  optimisation  as  discussed  in  Section  7  is  applied  to 
the  design  method. 

Three  quantities  must  be  known  before  a  design  can  be  undertaken; 
they  are:  the  modulation  frequency,  expected  carrier  frequency,  and 
input  p.  Knowing  these  three  quantities,  the  design  steps  proceed  as 
follows: 


a.  F  is  obtained  from  Table  7-1.  Since  F  ■  1  +  K^,  the  pro¬ 

duct  of  the  discriminator  constant,  the  VCO  constant,  and  the 
dc  amplifier  gain  are  known. 

b.  N  is  also  obtained  from  Table  7-1. 

c.  The  IF  center  frequency,  f0,  is  selected  so  that  it  is  at  least 
100  times  higher  than  the  modulation  frequency  (this  high  ratio 
ensures  that  IF  discriminator  leakage  is  sufficiently  attenuated 
by  the  low  pass  filter  to  prevent  its  perturbing  the  loop  VCO). 

d.  A  single-pole  filter  is  used  as  the  loop  IF  filter,  the  3  db 
bandwidth  of  this  filter  is  2Nfa  (the  filter  center  frequency 
coincides  with  the  IF  center  frequency). 

e.  The  discriminator  is  designed  to  be  as  linear  as  possible  (at 
least  51  linearity  is  desirable  throughout  the  operating  range) 
and  the  discriminator  is  designed  so  that  its  bandwidth  is  at 
least  5  Nfa  in  order  to  mlnisd.se  the  effects  of  dlscrlsdnator 
poles.  Dlscrlsdnator  output  impedance  should  be  resistive. 

8-1 


PHILCO 


wi 


DEVELOPMENT  LADOftATOftlEE 


WDL-TH62-9 


f.  A  single -pole  (no  saro)  low  pass  filter  follows  the  discriaina- 
tor,  end  discriminator  output  resistance  is  essentially  an  in¬ 
tegral  part  of  the  filter.  The  filter  3  db  cutoff  frequency 
should  be  equal  to  fn. 

g.  An  anplifler  whose  3  db  pass  band  goes  froa  dc  to  at  least  10  fa 
follows  the  low  pass  filter.  This  aapllfier  must  have  a  high 
input  inpedanca  to  prevent  its  loading  down  the  filter.  Aapll¬ 
fier  gain,  Ka,  is  selected  so  that  7  satisfies  the  condition 
set  forth  in  step  a. 

h.  Following  the  aapllfier  in  the  loop  is  a  VCO.  This  VCO  has  a 
center  frequency  which  is  f0  cps  lower  than  the  expected  input 
carrier  frequency;  thus,  the  difference  between  VCO  and  carrier 
is  the  IF  center  frequency.  Additionally,  the  VCO  should  have 
a  bandwidth  of  at  least  5  7fa  0gy  and  a  10X  transfer  linearity 
for  an  input  range  of  dc  to  fa. 

i.  Design  of  the  loop  aixer  is  critical  only  insofar  as  the  band- 
widths  are  concerned.  The  aixer  aust  be  able  to  accoaBodate  the 
signals  froa  the  input  as  well  as  froa  the  VCO.  Moreover,  the 
aixer  output  bandwidth  should  be  at  least  10  Mf^ 

8.2  A  DESIGN  EXAMPLE 

Suppose  that  a  100  Me  carrier  is  being  nodulated  by  100  kc  signal 
with  a  deviation  of  2  Me;  this  aoans  f3gy  *  20.  The  design  now  proceeds 
as  follows: 

a.  F  ■  16  froa  Table  7-1,  and  therefore  Xy  "  9. 

b.  N  •  2  also  froa  Table  7-1. 

c.  An  IF  center  frequency  of  100  x  100  Kc  ■  10  Me  is  selected. 
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d.  The  IF  filter  is  centered  et  10  Me  end  hes  e  3  db  bandwidth  of 

400  kc. 

e.  The  discriminator  has  a  0-volt  output  at  10  Me  with  a  5X 
linearity  in  the  t  200  kc  range  about  10  Me,  and  the  discrimi¬ 
nator  bandwidth,  which  is  determined  by  the  knees  in  the  S-curve, 
is  5  Me.  The  output  impedance  is  resistive  (no  cepecitors  are 
used  here) . 

f.  The  low  pass  filter  should  be  3  db  down  at  100  kc.  Assuming 
the  discriminator  output  resistance  is  10  Kfl,  a  160  pf  capaci¬ 
tor  is  attached  between  the  discriminator  output  and  ground  to 
give  the  required  low  pass  function. 

g.  The  dc  amplifier  is  flat,  within  3  db,  from  dc  to  1  Me.  Ampli¬ 
fier  gain  is  -  ■  Iff  . 

*d  *v 

h.  VCO  center  frequency  is  set  et  90  Me,  and  the  VCO  has  10X  trans¬ 
fer  function  linearity  between  88.2  Me  and  91.8  Me  at  its  output. 
VCO  output  bandwidth  is  at  least  9  Me. 

8.3  HARDWARE  CONSIDERATIONS 

Building  hardware-satisfying  design  requirements  can  be  difficult. 
For  example,  some  IF  will  leek  through  the  discriminator.  If  the  low 
pass  filter  does  not  sufficiently  attenuate  this  IF  leakage  to  prevent 
its  perturbing  the  VCO,  then  additional  circuitry  is  needed  to  attenuate 
the  IF.  This  additional  IF  attenuation  can  be  provided  by  e  low  pass 
function  (of  course,  the  cut-off  frequency  must  be  considerably  higher 
than  fB  to  minimise  phase  shift)  such  as  an  m-derived  filter  or  a  series- 
resonant  "trap"  circuit  tuned  to  the  IF. 

The  discriminator  itself  should  have  a  wide  bandwidth  so  that  its 
phase  contribution  is  minimised.  While  an  ordinary  ratio  detector  nor¬ 
mally  will  not  provide  a  large  bandwidth,  the  circuit  shown  in  Figure  8-1 
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will  provide  a  SOX  bandwidth.  In  thia  circuit,  it  ia  neceaaary  that 
I2  »  »i* 

Oftan  ona  find*  it  daairabla  to  apply  AGC  to  tha  17  aaplifiara  pre- 
cading  tha  loop.  Tha  aathod  of  obtaining  tha  AGC  ia  ahown  in  Figura  8-2. 
A  liuitar  ia  placad  inaida  tha  loop  inataad  of  outaida  tha  loop  aa  la 
cuatonary.  Thia  anablaa  ona  to  taka  advantage  of  tha  narrowad-loop  IF 
bandwidth  in  obtaining  AGC. 

Obvioualy,  tha  liuitar  will  produca  harmonica  which  would  dalata- 
rioualy  affact  tha  dlacrininator  and  ao  tha  liuitar  uuat  ba  filtarad. 

In  ordar  to  ainiaica  affacta  of  additional  polaa,  tha  llaitar  flltarlng 
ia  accoapliahad  by  a  low-Q  filtar  (aaa  Figura  8-3).  Tha  flltar  alaaanta 
ara  uaad  to  tuna  out  tha  dioda  Junction  capacitance,  Cj.  However,  tha 
following  raquirauanta  uuat  ba  uat: 

a.  C2  ^ 

b.  C3  »  Cj  uaxiuuu 

c.  Tha  voltaga  awing  uuat  ba  great  enough  for  CR^  and  CR2  to  clip. 

Another  feature  illuatratad  in  Figura  8-2  ia  tha  uaa  of  pada  to  pre¬ 
vent  interaction.  For  axaapla,  a  pad  la  lnaartad  between  tha  loop  VCO 
and  tha  alxar.  Thia  iaolatlon  prevanta  either  local  oacillator  frequen- 
ciaa  or  input  fraquanciaa  fron  diaturblng  tha  VCO  (of  couraa,  tha  uaa  of 
balanced  uixara  will  alao  help  to  alleviate  tha  VCO  interaction  problea) . 
A  pad  la  alao  aaployad  in  tha  AGC  circuit  ao  that  it  doe a  not  diaturb 
the  loop. 

Section  8  developed  a  dealgn  procedure  predicated  on  tha  optialced 
parameters  of  Section  7,  and  a  dealgn  axaapla  to  elucidate  tha  procedure 
waa  praaantad.  Additionally,  aoua  hardware  probleaa  that  would  crop  up 
in  lapleaaatlng  a  dealgn  ware  coneldered. 
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Fig.  8-1  Schematic  of  «  Broadband  Discriminator 
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^8*  8-2  Block  Diagram  of  a  Loop  with  Double  Conversion  and  AGC 


Cl 


i  of  a  Combination  IF  Amplifier,  IF  Filter 
i-Pole,  Hide-Band) ,  and  a  Limiter 
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APPENDIX  A 


DERIVATION  OF  A  LINEAR  MOSEL 


A.l  GENERAL 

Because  a  frequency  feedback  discriminator  operates  on  frequency,  it 
is  useful  to  "linearise"  the  loop  in  terns  of  frequency  into  an  equiva¬ 
lent  model.  Explicitly,  the  loop  components  will  be  reduced  by  this 
"linearisation"  to  forns  that  are  S-plane  functions  of  input  frequency. 


A  system  block  diagram  is  illustrated  in  Section  3  (Figure  3-1) . 

In  this  figure,  0)2/2*  is  the  VCO  center  frequency;  0  is  the  VCO  estimate 
of  the  input  signal  phase,  and  $2  *  phase  term  encompassing  noise  jit- 

ter  as  well  as  all  VCO  phase  components  not  contained  in  o^t  and  0. 


A.  2  FORMULAS 

The  loop  input  in  terms  of  phase  is  8  ■  a\.t  +  0j  +  0n,  and  so  the 
equivalent  frequency  input  isj 

*u  -  +  £  <A-° 

2s 

where  ”  the  carrier  frequency  in  cps 
01  "  information  phase 


0n  ■  noise  phase  contribution 
treating  0j  as  sinusoidal  modulation.  0  »  co* 

'  —  f  0 

d  0, 


dt 


■  2xfd  sin 


where  f j 


cerrier  frequency  deviation  in  cps 

modulation  frequency  in  cps. 

A-l 


(A-2) 
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In  equation  (A-l) ,  0n  represents  the  phase  contribution  Iron  noise, 
which  is  assumed  to  be  Gaussian  "white"  noise  within  a  band  Bgp.  To 
determine  0n>  one  must  start  with  the  incremental  noise  voltage  which 
can  be  represented  as  n(t)  «  cos  (cat  +  u>)t.  The  next  step,  the  com¬ 
bination  of  signal  and  noise,  is  made  by  assuming  the  carrier  ia  unmodu¬ 
lated,  or  ea  -  Ac  cos  o>ct.  The  sum  of  signal  and  noise  is  then: 

e(t)  -  A„  cos  (ofc  +  <o)t  +  Ac  cos  o^t 


•  A(t)  cos  (o)ct  +  0ni) 


(A-3) 


where  0n^  •  tan 


(  A„  sin  cot  ^ 
Ac  +  A,,  cos  astj 


If  a  limiter  precedes  the  demodulator,  the  time-varying  amplitude  in 
equation  (A-3),  A(t) ,  is  replaced  by  a  constant  amplitude  E.  Then: 


%  "  *n  "  t,n 


-1  \ 
\Ac  +  A,,  cos  (actj 


(A-4) 


and  the  frequency  contribution  of  0n  !•  found  by  differentiating  equation 
(A-4),  or; 


a)  A  +  A„  A_  u)  cos  wt 
n  c  n 

(V  +  A*  4-  2A  A  cos  ©  t  )  2jt 
\  c  n  c  n  c  / 


(A-5) 


If  a  high  input  SNR  is  assumed;  i.e.,  Ac  »  Aq,  equation  (A-3) 

becomes: 


,  .0  A  f 

1  d  n  n  cos  wt 

2  n  dt  A 

c 


(A-6) 


and  now  the  equivalent  noise  power  spectrum  can  be  determined.  The  swan 
noise  power  input  due  to  a  noise  component  at  some  frequency  f  is : 


,2  /A 


AN- 


ft) 


(A- 7) 
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A 

But  *4 


So  A  £,  where  No  ie  the  power  spectral  density  of  the 


lacoaiag  Geuselan  white  noise.  Then  equation  (A-7)  reduces  tot 


44  -  f 2^2 


A  f 


5" 


Gf  (f)  is  defined  as  being  equal  to  where  Gf  (f)  is  the  equl* 

valent  noise  spectral  density  for  a  frequency  type  input;  hencet 

2  u  & 

but  (p^)  1  ■  2  |  »  or  therefore*. 


Cf  ^  *  p  2  B 


RF 


-  input  SIR. 


The  loop  input  is  now  determined  by  combining  equations  (A-l) ,  (A-2) , 


and  (A-S): 


fi.  ■  u  *  £d  *ln  V 

2  2  2 
A  (cd  cos  8  t  +  a»  *i«  a> 
+  _a - £ - £ - £ 

T  0  0 


t  +  A  A  cos  at) 
c  a _ 


2*  (A*  +  A*  ♦  2  A  A  cos  ®  t) 
c  a  c  a  c 


(A-8) 


Equation  (A-8)  beconest 


(0  A 

f._  (t)  ■»  ^  +  sin  + 


in 


2x  A 


CD  COS  Wt 


(A-9) 


for  A_  »  A_ 
c  a 


The  next  step  is  reducing  the  nixer  shown  in  Figure  A-l  to  a 
linearised  forn.  A  nixer  is  basically  a  product  device  (ewltlplier) , 
and  the  nixer  used  in  the  feedback  dlscrininator  Multiplies  the  input 
wave  with  the  wave  generated  by  the  VCO.  Thus  the  nixer  output  is:. 


A-3 
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K  A. 


E,  cos 


(W.  t  +  0,  (t)  +  0  )  cos  (a-t  +  ?  (t)  +  0,) 


which  1«  la  tha  form  i 

A  cea  o  cos  0,  but  cos  a  cos  0  »  1/2  cos  (a  -  0)  +  1/2  cos  (a  +  0) 
Therefore, ths  aixsr  output  is: 

*■  •  *3  {"•  [<“1  *  ®2>  t  +  0,  -  9  +  0.  -  02]  | 

{“*  +  Oj)  t  +  +  0  +  0B  +  02  j  J-  (A- 


+  E 


10) 


The  second  half  of  equation  (A-10)  can  ba  disregarded  because  its  fra* 
quency  components  era  outside  the  passbaad  of  tha  bandpass  filter  fal¬ 
lowing  tha  etLxer  (tha  filter  paasbaad  is  eaatarad  at 
In  terms  of  frequency,  than,  tha  mixer  output  is; 


d  0a  d  02 

2  x  +  £d  #i*  "m*  “  2  *  dt  +  2  *  dt  '  2  x  dt 


2 


Consequently,  tha  mixer  becomes  a  frequency  summer  in  which  the  loop  input 
is  considered  as  positive  while  the  VCO  output  is  taken  as  being  negative. 

The  next  loop  component  to  be  considered  is  the  bandpass  filter. 

This  filter  will  be  reduced  from  a  bandpass  to  its  equivalent  low  pass 
form  using  the  method  outlined  by  Weaver  and  Lawhorn  (Ref.  8)  in  an  I.R.E. 
letter.  Although  Weaver  and  Lawhorn  performed  their  analysis  for  a  phase- 
locked  loop  in  which  a  phase  detector  was  used  instead  of  a  frequency 
discriminator,  a  frequency  discriminator  in  the  frequency  domain  corre- 

n 

sponds  to  a  phase  detector  in  the  phase  domain,  and  with  this  transla¬ 
tion,  their  analysis  is  apropos  to  the  feedback  discriminator  problem. 
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Figure  A-l  Characteristics  of  an  Ideal  Discriminator 

to.  -  0) 

In  Figure  A-l,  is  the  output  anplitude  in  volts  when  — °  -  1. 
The  transfer  characteristics  shown  in  Figure  A-l  can  be  considered  as  re¬ 
sulting  from  a  mixer  fed  by  an  oscillator  sitting  at  0>o  and  by  the  band¬ 
pass  filter  output.  The  block  diagram  of  this  circuit  is  shown  in 
Figura  A-2. 


F  (S)  ■  Filter  Input 
G  (S)  ■  Filter  Transform 


Figure  A-2  Block  Diagram  Showing  Bandpass  Filter,  Reference  Oscillator, 

and  Mixer 
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If  F  (s)  is  the  Laplace  transform  of  the  filter  input,  the  filter 

output  is  F  (»)  G  (•) .  But  F(e)  may  be  factored  into  F  (a)  »  Fx(a)  ?x  (•) » 

where  F  (a)  containa  all  the  upper  half  S-plane  polea  and  seroea  of  F  (a), 

and  F  (a)  containa  all  the  lower  half  S-plane  polea  and  seroea  of  F  (a). 
x  * 

Similarly,  let  G  (a)  -  Gx(s)  Gx  (a).  The  Fourier  tranaforn  of  f(t)  la 
the  aame  aa  the  Laplace  tranaforn  (with  S  ■  co)  of  f(t)  if: 

00 

J  |f(t)|  d  cd  <  •  and  f(t)  ■  0  for  t  <  0 
or  F(co)  ■  F(a)  j  a  -  <o 

Similarly,  G  (cd)  ■  G  (a)  J  S  ■  <d.  However,  the  Fourier  tranaforn  of 


cos  co  t  ia  x 
m 


(CD  -  CD^ 


00 


due  to  the  fact  that 
function. 


X  l 


coa  co  t  da<  » 


because: 


(cd)  la  the  inpulae 


The  Fourier  tranaforn  of  h(t)  ia  the  convolution  of  the  individual 
transforma  of  f(t) ,  G(t),  and  the  reference  coaine  wave,  or: 


■X 


H(cu)  -  it  j  F  (tu  -  u>  )  F  (a>  -  a>  ) 
/«•  x  ox  o 


Gx  (CD  -  CD0) 


[/ 


(CD  -  ®0)  + 


/  (®  +  a,o>] 


dco 


(A-ll) 


Integrating,  equation  (A-ll)  becomea: 


(A-12) 


II  (to)  -  it  Fx  (cd  -  cdq)  Fx*(cd  -  cdq)  Gx  (cd  -  co0)  Gx*(cd  -  coo)j 

+  Fr(lo*u>.)  F*  Gj  (u+Wo) 

At  this  point,  it  is  necessary  to  naka  an  aaaunptlon  about  cdq,  the 
assumption  being  that  the  center  of  the  bandpass  filter  is  selected  so 
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that  It  la  o>  and  tha  cantar  fraquaacy  of  f(t)  la  ®  ,  or  in  tha  vorda 

C  v 

F  (®)  and  G(o)  ara  aymmatrical  about  to..  Whan  thla  la  truaj 

X  an  C 

it  ft 

Fx(co  -  ®o)  -  Fx  (to  +  ®o)  and  Gx(®  -  a>Q)  -  Gx  (cd  +  ®Q) 

Tha  tarm  Fx*(®  -  odq)  rapraaanta  tha  moving  of  tha  Fx(®)  lowar  plana  pola 
saro  cantar  point  from  -®  to  -2  ®  ,  vhlla  F  (®  +  cd  )  movaa  tha  F  (®) 

OOXO  X 

pola  and  caro  cantar  from  to  to  2  cd  .  Thar  a  fora  F*  (®  -  ®_)  ■  F  (®  +  cd  ) , 

O  O  X  O  X  o 

and  tha  aama  raaaoning  appllaa  to  G  (cd  +  ®  )  and  G*  (cd  -  cd  ) .  Howavar , 

X  O  X  o 

thasa  high  fraquancy  conponanta  contributad  by  G_(®  +  cd  )  and  F_(®  +  ®  ) 

X  o  x  o 

can  ba  lumpad  togathar  aa  alaply  a  gain  conatant,  aay  Kg,  or; 

Kg  -  Gx(co  +  a>o)  Fx(®  +  ®e) 
kJ  -  Gx*(®  -  ®0)  Fx(®  -  ®o) 

Equation  (A- 12)  than  raducaa  to: 

H(ffl)  -  K^Fx  *(cd  -  ®o)  Gx(®  -  ®0)  +  KjjFx(®  -  ®J  Gx(®  -  ®o> 

From  conplax  variabla  thaory: 

2  +  2*  -  2  Ra(Z)  or* 

H(o)  -  2  Ra(Kg)  x  Fx(®  -  ®o)  Gx(®  -  ®o)  (A-13) 

In  Laplaca  domain x 

H(a)  a  Fx(S  -  j  ®o)  Gx(S  -  J  ®o) 

a 

Hanca,  tha  flltar  la  tranalatad  by  J®Q  ao  that  lta  pola  saro  pattarn 
la  cantarad  about  tha  origin  lnataad  of  ®Q,  and  tha  bandpaaa  flltar  la 
now  aquivalant  to  a  low  paaa  flltar. 
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Fx(a>)  and  Fy  (a>)  art  also  traaalatad  to  tha  origin,  but 
Fx(<o)  F^(o>)  it  tha  transform  of  f(t).  Hanca  tha  input  to  tha  bandpass 
can  ba  traated  as  a  low  fraquamcy  input,  and  this  saaa  f(t)  is  also  the 
output  of  tha  mixer  shown  in  Figure  3-1.  Tha  "linearized"  aixar  output 
is  therefore 


f(t)  •  f^  sin  <aut 


A 


2*  dt 


+ 


2k  dt 


2x  dt 


(A-14) 


Referring  to  Figure  A-l,  the  discriminator  transfer  function  is  seen  to 
be  a  constant  times  the  frequency  input  (bearing  in  mind  the  frequency 

®i  - 

transformation  1  —  which  was  previously  justified) . 


2k 


The  VCO  shown  in  Figure  3-1  has  the  characteristic  that  its  output 
frequency  changes  in  a  linear  manner  with  a  change  in  input  voltage. 
Therefore,  the  VCO  assumes  a  constant,  say  Kv>  as  its  transfer  function 
in  the  frequency  domain. 


All  the  loop  components  have  now  been  reduced  to  their  Laplace  or 
S-plane  forms  for  a  frequency  input.  This  information  is  summarized  in 
Figure  A-3,  which  shows  this  "linearised"  loop  in  block  diagram  form. 


R(a) 


►C(s) 


Figure  A-3  Linearised  Loop 
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APPENDIX  B 


TRANSFER  FUNCTIONS 


B.l  OPTIMIZATION  OF  TRANSFER  FUNCTIONS 

When  one  epeeke  of  cranefer  function*,  the  logical  query  ia:  "How 
ia  the  tranafer  function  optimized?"  Unfortunately,  there  ia  no  clear- 
cut  anewer  aince  a  univeraal  optimum  criterion  ha*  not  bnan  aatabliahed. 
For  example,  one  could  uae  the  Weiner-Hopf  criterion  to  optimize  SNR  or 
one  of  aeveral  aervo  theory  criteria  to  optimize  loop  time  reaponae. 

The  Weiner  optimum  tranafer  function  ia  predicated  on  the  aaaunp- 
tlona  that  the  ayatam  ia  linear,  the  proceae  la  etationary,  and  the  mean 
aquara  error  ia  an  appropriate  omaeure  of  the  ayatem  error  (Ref.  1). 

Whan  theae  aaaumptiona  hold,  the  following  equation  la  valid: 


°o(,)  ■  XT'1 

where  &£  ■  Laplace  tranaform 


».a(*>  Gd(,) 


•ii  ' 


(B-l) 


T 


-  Inverae  Fourier  tranaform 


GQ(a)  ■  Weiner  optimum  filter  tranafer  function 


G^(a)  »  Deaired  filter  tranafer  function 


*  Signal  power  apectral  denaity 

■  Nolae  power  apectral  denaity 

•iiO 

+  — 

•iiO 

*  ®ii^  +  ®ii^ 
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Equation  (B-l)  givaa  the  optimum  tranafer  function  in  tarma  of  SNR 
according  to  the  Weiner -Hop f  criterion.  However,  a  apecific  aolution  of 
equation  (B-l)  ia  good  only  for  the  aignal  and  noiae  apectra  uaed  in  the 
aolution,  and  the  aolving  of  equation  (B-l)  ia  extrenely  difficult  for 
certain  aignal  apectra  auch  aa  a  step  function. 


Moreover,  it  ia  daairable  to  optimize  the  loop  performance  for  a 
atep  input  aince  thia  ia  a  commonly  encountered  atimulua.  Conaequently, 
criteria  in  addition  to  the  Weiner-Hopf  optimizing  criterion  merit  exami¬ 
nation,  and  aaveral  aervo  theory  criteria  will  be  conaidered  (Ref.  2). 
Assuming  a  loop  transfer  function  of  the  form  given  by  equation  (B-2) , 
the  Butterworth  optimizing  function,  which  locates  the  denominator  poles 
on  a  semicircle  (the  center  being  at  the  S-plane  origin)  in  the  left 
half -plane. 


Sis) 

*<•) 


S  v  +  b 


v— 1 


V-l  2 

+  ...  +  b2s  +  bjS 


+  n 


(B-2) 


The  Butterworth  denominator  coefficients  for  values  of  V  from  one 
to  five  are  given  in  Table  B-l. 


TABLE  B-l 

BUTTERWORTH  OPTIMIZING  FORM 
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Another  criterion  deserving  consideration  is  the  ITAE  (integral  of 
tine  multiplied  by  the  absolute  value  of  error)  criterion.  With  the  ITAE 
method,  the  Integral 

I  -  I  t  I  c  J  dt  is  minimized. 

When  the  transfer  function  has  the  form  of  equation  (B-2) ,  Table  B-2  gives 
the  ITAE  optimum  denominator  coefficients  for  values  of  V  from  one  to  five. 

TABLE  B-2 

ITAE  OPTIMIZING  FORM 


Both  Tables  B-l  and  B-2  have  been  tabulated  for  values  of  V  from  one 
to  five,  and  since  the  two  tables  were  derived  from  the  same  transfer 
function  form,  i.e.,  equation  (B-2),  a  comparison  between  then  can  be 
made.  The  optimizing  forms  are  identical  when  V  ■  1  or  2. 

While  there  is  some  difference  between  tables  for  V  -  3,  4,  and  5, 
this  difference  is  not  very  great,  and  it  can  be  neglected  in  the  design 
of  feedback  discriminators.  Consequently,  one  can  use  either  Table  B-l 
or  B-2  to  design  the  feedback  loop. 

B.2  LOOP  TRANSFER  FUNCTIONS  FOR  THE  FEEDBACK  DISCRIMINATOR 

Using  the  linearized  loop  form  shown  in  Figure  A-4  of  Appendix  A, 
the  loop  transfer  functions  at  the  VCO  output,  discriminator  output, 
srtxer  output,  and  low  pass  filter  output  can  be  ascertained.  Loop 
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transfer  for  the  general  case  as  portrayed  by  Figure  A -4  and  the  particular 

Kab  a 

case  when  G.  (a)  -  —  *nd  G  (•)  ■  “T —  will  determined. 

D  •  t  A  A  I  t  i 

The  transfer  equation  for  the  low  pass  filter  output  is: 


C(.)  Kd 

R<»)  1  +  G^t)  Gb(s)  Kd  tv 


when:  G  (s) 

A 


mr+7  *nd  V#) 


C(s) 

R(s) 


aJl 


Kd  ka 


S2  +  2t  03  S  +  03^ 
n  n 


(B-3) 


(B-4) 


at  the  VCO  output: 


M Si 

R(s) 


G,(s)  Gb(s)  Kd  Kv 
1  +  Ga(s)  Ga(s)  K,  Ky 


(B-5) 


Or,  la  the  specific  case: 


-Jig), 

R(s) 


03_ 


-  a  b 


S2  +  25  os  S  +  a>f 

n  A 


(B-6) 


the  discriminator  output  is: 


-Hill  « 
R(s) 


Ca<‘>  Kd 


1  +  Ga(.)  Gb(.)  Kd  Kv 


(B-7) 


for  the  specific  case: 


Mil 


R<») 


<S  +  b>  aKd 
S2  +  25  03  S  +  a»l 

H  A 


(B-8) 
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Next,  th«  sixer  output,  which  la  tha  error  I  (a),  will  bo  found: 


-J&  -  [1  -«,«.)] 


(B-9) 


1  +  Ga<e>  G^(a)  *d  ^ 


Whoa  <^(a)  - 


tW  V>  ’  7* 


1(a) 

*?•) 


8Z  +  2£  o^S  +  a  b 
S2  +  25  <DaS  +  ®2 


(B-10) 


Equotioaa  (B-3)  through  (B-10)  ora  auaaorlaod  la  Table  4-1  of 
Soctioa  4. 


B.3  IF  TRANSFER  FUNCTION  CONSIDERATIONS 

The  IF  filter  la  e  feedback  diacrlmiaetor  ia  tuned  to  the  center  IF 
frequency.  Hence,  the  filter  ia  tuned  when  the  input  carrier  ia  unmodu¬ 
lated  (there  ia  a  tacit  aaaumptioa  that  the  frequency  difference  between 
the  carrier  and  the  VCO  center  frequency  ia  equal  to  the  center  IF  fre¬ 
quency  ao  that  thera  la  no  frequency  error) .  But  modulation,  which  varioa 
much  more  alowly  than  the  carrier,  hae  the  effect  of  detuning  the  IF 
filter  (Ref.  3)  with  reapect  to  the  IF  frequency  (the  detuning  la  maxi¬ 
mum  at  modulation  peaka) . 

Thla  detuning  has  a  deleterioua  effect  on  the  loop  becauae  it 
increaaea  phaae  ahift  in  the  IF  filter.  The  lacreaaed  phaae  ahift  in 
turn  decreaaea  the  loop  phaae  margin.  In  fact,  the  loop  will  oscillate 
on  modulation  peaka  if  tha  filter  phaae  shift  is  great  enough. 

In  order  to  minimise  phaae  ahift  produced  by  modulation  datuning  in 
the  IF  filter,  it  has  been  shown  (Raf.  3)  that  a  single -pole  "alow  roll¬ 
off"  filter  should  be  used.  The  term  "alow  roll-off"  la  arbitrary,  but 
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la  this  context  it  is  meant  to  denote  an  attenuation  slope  of  6  A  par 
octave,  or  less  outside  the  passband.  Consequently,  the  ZF  filter  has 
an  equivalent  low  pass  transfer  function  whose  form  is 

B.4  CONSIDERATION  OF  TRANSFER  FUNCTION  ORDER 

The  highest  order  of  the  loop  transfer  function  denominator  at  the 
summing  junction  is  equal  to  the  number  of  loop  poles  because  there  must 
be  at  least  as  many  poles  as  zeros.  On  the  other  hand,  the  highest  order 
of  the  loop  transfer  function  numerator  at  the  summing  junction  is  equal 
to  the  number  of  loop  zeros.  The  preceding  statements  were  deduced  from 
equation  (B-ll)  which  was  derived  from  Figure  B-l. 


R(3) 


H(s) 


Figure  B-l  Diagram  Showing  N(s)  as  the  Loop  Transfer  Function 
at  the  Summing  Junction 

Let  A( s)  ■  where  the  zeros  of  N(s)  are  the  zeros  ef  A(e) 

while  the  zeros  of  D(s)  are  the  poles  of  A(s) .  Moreover; 

h<,)  ■  i +M.)  °r  h<*)  ■  D<.r i+»(.)  <,-u) 

Recalling  from  elementary  theory  the  fact  that  each  pole  of  A(s) 
contributes  a  -90°  phase  shift  at  o>  ■  «,  while  each  zero  contributes  a 
490°  phase  shift  at  u)  ■  one  sees  that  the  phase  margin  is  reduced 
relatively  to  the  increase  in  poles. 
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Consequently,  there  ie  e  possibility  the  loop  will  oscillete  if 
there  ere  more  then  two  poles,  end  cere  must  be  exercised  in  the  design 
to  ensure  thet  there  is  sufficient  phese  margin  et  the  gein  cross-over. 
Another  attribute  of  poles  is  the  effect-  on  response  time.  Generally, 
increasing  the  number  of  loop  poles  increases  the  loop  time  reeponee  and 
thereby  has  a  deleterious  effect  on  loop  transient  reeponee  (Ref.  2) . 

Considering  the  undesirable  effects  produced  by  multi-poles;  i.e., 
reduction  of  phase  margin  and  lengthening  of  response  time,  the  best 
design  for  a  feedback  discriminator  seems  to  be  one  incorporating  two 
poles  with  no  seros;  one  pole  is  contained  in  the  IF  filter,  while  the 
other  is  contained  in  the  low  pass  filter  at  the  discriminator  output. 
The  resultant  function  is  then  in  the  forn  of  equation  (B-4) . 
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APPENDIX  C 

TRANSIENT  RESPONSE 

C.l  TRANSIENT  RESPONSE  FOR  SINE  WAVE  INPUT 

The  transient  response  of  a  feedback  discriminator  is  useful  to 
know  because  the  loop  transient  response  defines  the  loop  dynamic 
behavior  in  the  presence  of  an  input  stimulus.  For  example,  one  can 
predict  the  accuracy  with  which  the  loop  tracks  the  stimulus  and  the 
tracking  range  by  determining  the  transient  error,  denoted  e  (t) . 

While  many  loop  configurations  are  possible,  the  configuration 
chosen  for  this  analysis  is  the  loop  that  contains,  when  reduced  to  its 
linear  equivalent,  a  single* pole  bandpass  IF  filter  and  a  single- pole 
baseband  filter  as  shown  in  Figure  C-l.  However,  the  analysis  method 
used  in  examining  this  loop  configuration  can  be  extended  to  any  other 
loop  form. 


R(s) 


Figure  C-l.  Loop  Form  used  in  the  Error  Transient  Analysis 

When  the  input  to  the  loop,  which  is  applied  at  time  t  ■  0,  is 
a  carrier  being  FM-modulated  by  a  sine  wave,  the  time-varying  signal  is: 


f .  cos  u 

es  (t)  "  Ac  8in  + - f - -  > 


tf-1 
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or  in  terms  of  frequency: 


w  .  9 

f .  •  +  f .  sin  tii  .  since  f .  »  tt  « — 

in  2jt  d  mt  in  dt  2k 


However,  the  center  frequency  of  the  linearised  loop  (see  Appendix  A) 
is  e>c,  end  therefore  the  frequency  input  can  be  taken  as: 


fl<t>  "  fd8inumt 


(C-l) 


In  terms  of  the  S- domain,  equation  (C-l)  becomes: 


f .  u 

V*>  *  "T"2- 

1  S  +  0) 


(C-2) 


m 

servo 

B(a), 

loop 

is: 

R(a) 

ft- 

C(s)  K 


•] 


(C-3) 


On  the  other  hand: 


C(s) 

R(a) 


a  Kd  K.  b 


S  +  S  (a  +  b)  +  ab  (1  +  K.  K ,  K  ) 

A  a  v 


(C-4) 


Combining  equations  (C-3)  and  (C-4)j 


!(•)  -  R(s)  -g  S  *  ^  (a  ■f  b)  4-  ib 


(C-5) 


S  +  S  (a  +  b)  +  ab  (1  +  K.  K.  K  ) 

a  a  v 


c-t 
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To  simplify  equation  (05),  make  the  following  substitutions: 


ab  (1  +  Ka  Kd  Kv) 


a  +  b 


Equation  (05)  then  becomes: 


S  +  2£d>nS  +  ab 


E(s)  -  R(s)  I-b - - 2 

\s  +2Ctons+o»ny 


(C-6) 


fd  <°m 


From  equation  (C-2),  R(s)  ■  - 2  since: 


S  +  o>_ 


R(s)  -  F^s) 


_2  .  2 
S  +  (D 
111 


In  the  time  domain} 


_--l  S  +  2£a>nS  +  ab 

6  ( t)  ■  f  ffl  790  7 

(S4  +  CD.  )  (S4  +  2£d>  S  +  to  ) 
m  9  n  n 


(C-7) 


Performing  the  Indicated  operation  on  equation  (07)  yields; 
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“x 

In  terms  of  frequency  Input  for  t  >  0,  f^(t)  »  ■jj  »  end? 


(C-10) 


Substituting  equetion  (C-10)  as  R(s)  Into  equetion  (C-6)  yields  an  error 
of; 


E(s) 


o>^  S2  +  2£mnS  +  ab 

2*B  S2  +  2£a>  S  +  <0  2 

9  u  n 


(C-ll) 


In  terms  of  time,  equation  (C-ll)  becomes t 

S2  +  2tco  S  +  ab 
J  n 

s2  +  2to>  s  +  0 >  2 

3  n  n 


(C- 12) 


Performing  the  indicating  operation  on  the  right  side  of  equation  (C-12) 
gives : 


€(t) 


(“n/^  ^  *  + 


in  cps 


where: 


(C-13) 


The  loop  error  transient  response  for  a  sine  wave  input  was  derived 
in  Section  C-l  with  the  end  result  given  by  equation  (C-8) .  Additionally, 
the  loop  error  transient  response  for  a  frequency  step  input  was  found  in 
Section  C-2,  and  equation  (C-13)  displays  this  result. 

e-i 
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APPENDIX  D 

DERIVATION  OF  CLOSED  LOOP  NOISE  BANDWIDTH 


D.l  GENERAL 

The  closed  loop  noise  bandwidth}  i.e.,  the  noise  bandwidth  at  the 
VCO  output,  plays  an  important  role  in  the  loop  design  (described  in 
Appendix  F);  it  is  therefore  necessary  to  derive  an  expression  relating 
the  closed  loop  noise  bandwidth  to  the  other  loop  parameters.  The 
closed  loop  noise  bandwidth  will  be  found  as  an  equivalent  rectangular 
band  for  a  flat  spectrum  input.  This  equivalent  bandwidth  is  given  by 
the  following  well-known  equation: 


MM 

R(J*> 


•dw 


(D-l) 


where: 


H 

m 


the  maximum  absolute  value  of 


H(jwd 

R<JW> 


MM 

MM 


the  transfer  function  at  the  VCO  output 


To  determine  the  noise  bandwidth  at  the  VCO  output. Figure  D-l, 

«•  /  v  * 


the  transfer  function  for  the  VCO  output  is 


Mil 

R(») 


and: 


Mil 


R(«) 


K  K .  K.  ab 
v  d  A 

S2  +  (a  +  b)  S  +  eb  (1  +  Kd  *A) 


(D-2) 


3>-l 
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R(i) 


■C(s) 


Figure  D-l .  Circuit  whose  Closed  Loop  Noise  Bandwidth 

will  be  Determined. 


If  the  following  substitutions  ere  made  • 


a  +  b 


2  E». 


*'>  (1  +  Kv  Kd  V  -  “n 


Equation  (D-2)  becomes: 


HJLil 

R(a) 


K  K .  K.  ab 
v  d  A 

S2  +  2t®  S  +  a)  2 
n  n 


(D-3) 


Letting  S 


JW  in  equation  (D-3)  yields: 


U/J  ,  K  K .  K.  ab 
H(1w)  v  d  A 

R(Jw)  2 


-a>  +  2  It  <d  cd  +  a) 

"  Ti  ft 


(D-4) 


The 


absolute  value  of  in  equation  (D-4)  is  clearly: 

,  .  Kv  Kd  KA 


1  +  *v  Kd  KA 


(D“5) 


D-2 
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Substituting  aquations  (D-4)  and  (D-5)  into  aquation  (D-l)  gives; 


Snl 


+  Kv  Kd  *A> 

U 


f  a2b2  dto 

J  1  -  ©2  + 


2JS«Dno»hon2l2 


(D-6) 


or  letting  I  stand  for  tha  integral: 


w 

■  / 


d© 


4  .  2  .  ^2  2 

0)  +  to  (  4c  ©„ 
n 


2©  2)  +  ©  4 
n  n 


(D-7) 


Tha  next  step  is  to  complete  the  square  in  tha  denominator  of 
equation  <J)_ 7)  ao  that  tha  denominator  can  be  factored: 


I  - 


uo 

I 


do) 


4.2  .,„2  2 
©  +  CD  (4£  ©n 


2©n  )  +  ©, 


4 

n 


4 


and; 


,  ,,  2  4  2  ,  4 

+  4f  ©„  -  ©_  +  ©_ 

*  n  n  n 


w 

■/ 


d© 


2  ®nV  •  2) 

©  + - x - 


2  4  2 

4C  ©„  K  -  4) 

4 


P-3 
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+  «n2  (2? 2  -  1)  -  2J5  co *  Y 1  -  C2] 

The  definite  integral  in  equation  (D-8)  can  be  evaluated  by  contour 
integration,  as  shown  by  the  Residue  Theorem  of  complex  variable  theory. 
The  Residue  Theorem  is  stated  as  follows: 

Let  1  be  a  closed  curve  on  and  within  which  g(z)  is  analytic 

with  the  exception  of  a  set  of  finite  singularity  points 

(Z^,  Z^,  • • • ,  Z^)  enclosed  by  1  • 

If  Kj,  1^,  . .  Kn  represent  the  residues  of  g(z)  at  thase 

singularity  points, then; 

/  8<,)  dz  -  2xj  (Kj  +  Kjj  +  , . .  +  Kq)  (D-9) 

I 

where  the  integration  is  taken  in  a  counterclockwise  sense 
around  1. 

The  Integral  path  of  the  complex  function  in  equation  (D-8)  is  taken 
to  be  the  real  axis  from  +  «  to  -  »  with  a  semicircular  curve  at  \z>\  ■ 
in  the  upper  half-plane  joining  these  ends  of  the  real  axis. 

To  evaluate  the  integral  of  equation  (D-8)  through  the  use  of 
equation  (D-9)  in  a  straightforward  manner,  the  denominator  of  equation 
(D-8)  Is  factored  to  facilitate  finding  the  residuee. 

J>-4 


PHILCO 


WMTSNN  DtVILOPMCNT  LABOftATOMIB* 


WDL-TN62-9 


[<o2  +  a)n2  (2C2  -  1)  +  2^n2  j  \jl  -  i2  o>2  +  mn2  <2£2  -  1) 


■2^„  l/1  '  t 


(a)  -  a^  (uj  -  aj)  (u>  -  a3)  (a>  -  a^) 


(D-10) 


whare; 


*  J0, 


*2  "  ao  +  JPo 


*3  "  ao  +  JPo 


*4  “  ao  ”  JPo 


*o  *  K 


ao  "  “nV  •  * 


Evaluating  tha  uppar  half- plana  raaiduaa  of  aquation  (0-10)  ytalda: 
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*2  (a2  -  *1)(«2  -  *3)  <*2  *  %> 


j,aoPo  (ao  ‘  i^o) 


h  - 


(a3  -  «x)  (a3  -  «2)  («3  -  a4) 


K3o  <ao  +  j3o) 


But:  I  ■  2itj  (Kj  +  K3)  and  therefor*: 


I  - 


1  K  <“o2  +  *»*> 


or; 


2£®n 


(D— 11) 


Substituting  the  value  for  I  given  by  equation  (D-ll)  into  equation 
(D-6)  gives: 


B. 


<>  +  Ki  V  *2 1,2 

2* 


25% 


I>-6 
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or  since; 

2  2  2  4 

(1  +  ltv  Kd  ICA)  •  b  -  «in 

®nl  -  in  cp* 

o> 

and:  ooj  ■  in  rad/sec  (D-12) 

Surprisingly  enough,  the  rather  formidable  expression  for  closed 
loop  noise  bandwidth  appearing  in  equation  (D-6)  reduced  to  a  simple 
relation  between  this  bandwidth,  the  natural  frequency^ and  the  loop 
damping  as  is  demonstrated  by  equation  (D-12); 


P-7 
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APPENDIX  E 
THRESHOLDS 


E.l  CLOSED  LOOP  THRESHOLD 

The  selection  of  a  threshold  point  is  generally  a  difficult  task 
due  to  the  arbitrariness  associated  with  the  selection.  For  purposes  of 
this  discussion,  the  closed  loop  threshold  will  be  designated  as  the 
point  at  which  a  minute  degradation  in  input  SNR  will  produce  the  onset 
of  spurious  noise  or  "crackling"  at  the  output  of  the  loop.  This  is 
the  same  threshold  definition  used  by  Enloe  (Ref.  3). 


The  problem  is  now  defined  as  that  of  finding  a  mathematical 
expression  which  relates  the  threshold  with  the  loop  parameters  and 
some  measureable  quantity.  A  logical  starting  point  in  the  quest  is 
to  find  the  effective  SNR  into  the  loop.  This  is  simply  (Ref.  5): 


P 


i 


k2.sll 

N  BNRF 

o 


(E-l) 


where 


A£  “  peak  signal  voltage 
Nq  ■  noise  power  spectral  density 
®NRF  -  noise  bandwidth  (double-sided) 


2n;bnrp 


(K-2) 


where 

N*  “  normalised  noise  power  spectral  density. 

N'f  -  N  /A  2 
o  o  c 

As  far  as  the  loop  is  concerned,  only  the  noise  within  the  loop  noise 
bandwidth  has  any  effect,  and  thenoise  bandwidth  is  given  by 
equation  (D-l)  in  Appendix  D;  1.6., 


E-l 
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Bnl  "  2* 


i_  r  |h  (,i¥)  2dir 

hJ  J  I*  (JV) 


where 

H  ■  the  maximum  absolute  value  of  H  (jw) 
tn 

H(jw)  ■  VCO  output  transfer  function. 

The  equivalent  input  SNR  from  equation  (E-2)  is  then  in  bandwidth 


2  N^B  , 
o  nl 


(K-3) 


Moreover,  the  rms  phase  error  at  the  VCO  output  is: 


or;  l£ 


*  2 5"  / 

•  00 

1*.  .ism 

f  «  (iw)  2dw 
R  ( 1  w} 


H  (lv)  dw 
R  (Jw) 


(B-4) 


Substituting  the  right  side  of  equation  (E-4)  for  into  equation 

(E-3)  and  simultaneously  replacing  B  .  in  equation  (E-3)  with  the 

nl 

right  side  of  equation  (D-l)  yields: 

P,  .  1  H?  (B-5) 


In  terms  of  loop  parameters,  H  is  given  by  equation  (D-5), 

n 

K  K.  K 

i.e.,  H  ■  — r-*  If  one  defines  P,  which  is  known  as  the 

*  »aV  «  K  .li 


feedback  factor 


d  a  tfcjU 

,  so  that  1  +  Ky  Kd  K#-  r,IT 


becomes : 


(E-6) 


Placing  the  equality  expressed  expressed  by  equation  (1-6)  into 
equation  (E-6)  gives  the  following  result: 
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pi 


1 

U2rms 


<E-7) 


Enloe's  experiments  (Re£.  3)  on  feedback  discriminators  indi- 

d 

cate  that  spurious  noise  appears  at  the  output  of  the  loop  when  rms 
«  ~  yy~  radius.  Using  his  results  along  with  equation  (E-7),  the 
closed  loop  threshold  SNR,  is: 


P 


IT 


(E-8) 


Equation  (E-8)  is  useful  in  designing  and  analysing  feedback 
discriminators  because  it  explicitly  relates  iqput  Closed  loop 
threshold  SNR  to  the  feedback  factor  F. 


E. 2  OPEN  LOOP  THRESHOLD 

In  addition  to  contending  with  a  closed  loop  threshold,  the 
designer  must  cope  with  an  open  loop  threshold  produced  by  the 
discriminator.  In  fact,  the  SNR  into  the  discriminator  must 
be  sufficient  to  ensure  that  the  discriminator  is  operating  above 
its  threshold,  or  the  closed  loop  threshold  considerations  analysed 
in  Section  E.l  are  invalid  and  the  open  loop  threshold  holds  sway 
over  the  loop  operation. 

The  discriminator  threshold,  or  the  open  loop  threshold,  is 
defined  as  being  the  point  at  which  any  decrease  of  discriminator 
input  SNR  will  cause  the  output  SNR  to  be  significantly  less  than  the 
output  SNR  predicted  by  the  standard  FM  improvement  formula;  i.e., 

p  .  3  p2  p  (E-9) 

2  £« 

where  8  ■  modulation  index 

B 

NIF  "  IF  noise  band  width  (low  pass  equivalent) 

f  ■  highest  modulation  frequency 
ai 


E-  3 
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Stumpers  (Ref.  6)  has  published  discriminator  curves  from  which 
one  can  ascertain  the  threshold.  In  his  curves,  Stumpers  has  plotted 
input  nolse-to-signal  ratio  vs.  output  noise  energy  for  various  ratios 
of  IF  bandwidth  to  modulation  frequency.  (Figure  3  in  Stumper's  article 
can  be  applied  to  any  IF  filter  configuration  if  A  ®  is  taken  to  be 
the  noise  bandwidth  of  the  filter). 


Discriminator  threshold  for  several  ratios  of  IF  noise  bandwidth 
to  modulation  frequency  are  given  in  Table  E-l. 

To  ascertain  whether  open  loop  threshold  is  satisfied  for  a  particular 
loop  design,  the  closed  loop  threshold  is  determined  from  equation  (E-8), 
and  the  noise  bandwidth  of  the  loop  is  also  calculated.  (See  Appendix 
D. )  Obviously,  the  minimum  SNR  applied  to  the  discriminator  will  be 
at  the  time  when  the  loop  SNR  input  is  P._  assuming  the  loop  is  operat- 

IT  » 

ed  above  the  threshold. 


Moreover,  the  noise  density  producing  a  SNR  or  P  in  a  noise 
bandwidth  of  Bq1  will  give  a  SNR  of  P1T  --=* -  in  a  noise  band¬ 

width  B.  Consequently,  the  SNR  at  the  input  to  the  discriminator  is; 
o  -  o  Bnl 

*10  IT  Bnif  (*-10) 


nhers 

Pi0  ■  discriminator  input  SNR 
Expressed  in  decibels,  equation  (E-10)  is; 

10  lo*io  Pi0  "  10  lo810  (PiT  .  B*  ') 

V  BNIF  / 


(1-11) 


Equation  (E-ll)  is  evaluated,  and  this  result  is  compared  with 
the  appropriate  entry  in  Table  E-l,  l.e. ,  for  the  proper  ratio  of  IF 
noise  bandwidth  to  highest  modulation  frequency.  (Extrapolation  can 
ba  used  for  in-between  values.)  If  the  SNRAdecibels  obtained  from 
equation  (E-ll)  axceeds  the  threshold  value  from  Table  E-l,  the  open 
loop  threshold  has  bean  satisfied;  if  not,  the  open  loop  threshold  has 
not  baen  satisfied,  and  the  actual  closed  loop  threshold  will  not  ba 
the  threshold  predict ad  by  aquation  (E-8). 

1-4 


PHILCO 


WlrriRN  DKVKLOPMKNT  LASONATOMIM 


Discriminator  Input  SNR  at 
Thresholds 


WDL-TH62-9 

l 

APPENDIX  F 

FEEDBACK  DISCRIMINATOR  DESIGN 


F.l  GENERAL 

This  appendix  is  devoted  to  development  of  the  equations  used  in 
designing  two-pole  feedback  discriminators.  The  first  of  these  equations 
to  be  derived  is  the  equation  relating  the  effective  3  in  the  IF  portion 
of  the  loop,  denoted  3jp»  with  the  feedback  factor  F  and  the  input  0, 
defined  as  0^. 

The  signal  applied  to  the  IF  is  simply  the  output  of  the  mixer  which 
is  E(s)  in  a  linearized  loop  (See  Fig.  A-4  in  Appendix  A).  Now  one  finds 
the  amount  (t)  changes,  e(t)  E(s),  for  a  given  change  in  the  input 

frequency.  This  has  already  been  determined  in  equation  (C-13)  of  Appendix 
C,  and  since  only  the  steady  state  value  is  of  interest: 


2  2.  2 


e(t)  -  f .  |/4>  fa)  w  +  (ab  -  w 
ss  dl/anm  '  m 


2  2 


,  -2  2  1  .  2  2 
4  c  w  io  +(u>  -w 
n  m  n  m 


(F-l) 


Defining  F  so  that  u>n2  «  N  b2F,  Equation  (F-l)  becomes  for  F2  »  1: 


€(t)s.  *  —  +  .1) 


(F-2) 


But  the  IF  frequency  shift  is  e(t)  or  Af__  -  e(t)  while  the  RF 

•  •  Ur  II 

frequency  shift  is  Af  f 

Kr  X 


Af 


then 


hence 


or 


Af 


RF 


IF 


3, 


'IF 


F  - 


RF 

F 


RF 
3  IF 


1 


2(N*  +  1) 
N2 


\l  2(N2  +  1) 
y  N2 

||  2(N2  +  1) 


N’ 

F-l 


(F-3) 
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Equation  (F-3)  expresses  the  desired  relation  between  F,  P^p  and 
P^p.  The  next  relation  that  will  be  obtained  is  the  connection  be¬ 
tween  F  and  the  ratio  of  IF  to  low  pass  bandwidth.  N  is  defined. to 
be  this  bandwidth  ratio.  Before  proceeding  with  the  derivations,  the 
following  definitions  will  be  restated: 

a  +  b  ■  2to> 
n 

a  b  F  ■  oj  2 
n 

Substituting  a  ■  Nb: 

b  (1  +  N)  -  2£cd  (F-4) 

n 

and  b2  NF  ■  fl&n2  (F-5) 

Solving  equations  (F-4)  and  (F-5)  for  N  yields: 

N  -  25  2F  -  1  +  25  -  F  (F-6) 

Moreover,  in  order  for  the  closed  loop  threshold  to  predominate 

(See  Appendix  E),  the  closed  loop  noise  bandwidth  must  exceed  the  IF 

noise  bandwidth  by  some  factor.  The  value  of  this  factor  is  determined 

by  F,  B  .,  and  B„__;  but  B  .  is  in  turn  a  function  of  N,  completing  the 

circle.  If  b  »  <d  ,  then  N  ■  p__.  If  the  open  loop  threshold  require- 
m  IF 

merit  is  not  met,  then  either  the  chosen  ratio  between  closed  noise  band¬ 
width  and  IF  noise  bandwidth  must  be  increased  or  a  larger  F,  which  in 
turn  reduces  Bjp,  must  be  used. 

Assuming  Bnl  > 

% 

45  =  bnif  "  - 


F-2 
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(D 

Bnl  "  4^  from  e<lu*tion  (D-12)  in  Appendix  D.  The  noise  band¬ 
width  of  a  single  pole  filter  is  about  1.57  times  the  3  db  bandwidth. 
One-half  the  IF  3  db  bandwidth  is  equal  to  a  [j>ee  Equation  (A- 13^ 
which  in  turn  is  equal  to  Nb,  and  therefore  one-half  the  IF  db  band¬ 
width  is: 


a  -  Nb 


Then  the  IF  noise  bandwidth,  considering  a  two-sided  noise  spectrum 
is: 


Substituting  the  right  side  of  equation  (F-7)  into  equation  (F-6) 
gives: 


(F-8) 


F-3 
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Solving  aquation  (P-8)  for  £  ; 


£  -  1/2 


\£T 


Now  lotting  £  ■  1/2 \Jt/H  in  aquation  (F-6)  givaa  tha  rasult  that: 


N  -  P  -  1 


(F-9) 


Equation  (F-8)  axpraaaas  N  as  a  function  of  F  for  the  case  when 
closed  loop  noise  bandwidth  is  equal  to  or  greater  than  the  IF  noise 
bandwidth. 


N  -  |  -  1  holds  for  BM1  -  2gNIp  ,  and  £ 


<  I  \[T~ 

4  V  N 


The  IF  bandwidth  is  determined  by  the  modulation  frequency  and 
B-—  .  Assuming  sinusoidal  modulation,  the  IF  time  varying  voltage  is: 


•  <t)  *  A  sin  (®o  t  +  BIp  sin  ®mt) 


(F-10) 


where; 


eIp  ■  IF  voltage 


A  ■  peak  IF  voltage 


< ■  center  IF  frequency 


Equation  (F-ll)  can  be  expanded  using  tha  relations  sin  (A  +  B)  -  sin  A 
cos  B  +  cos  A  sin  B  into: 


•ip(t) 


A  sin  co  t  cos  B__  (sin  co  _)  + 
L  o  ir  me 

cos  ®ot  sin  Bjp  (sin  ®mt>] 


(F-ll) 
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but: 


cos  BIp  (sin  cDBt)  -  Jo  (BIp)  +  2  J2  (B^)  co.  2 


+  2  (BIp)  cos  4  o)mt  +  *nd 


sin  BIp  (sin  0>Bt)  -  2  ^  (BJp)  sin  <^t 


+  2  J3  <BIF)  8in  3  “U  4 


mt 


J  (Bt_)  represents  e  Bessel  function  of  the  first  kind  and  order 
n  ir 

n  with  argument  B^p  .  Therefore,  equation  (F-ll)  becomes: 

«IF(t)  "  A  k  <Bif>  sinV 

+  J1  ^IF*  [Sin  K1  +  V  C  "  8in  (too  '  “m*  *  ] 


J2  <BIF>  [#in  K  +2(°m)  1  +  8in  (tDo  '  2  amt)] 

. } 


(F-12) 


In  equation  (F-12),  Jq  (B^p)  is  the  carrier  amplitude  and  Jn  (B^p) 
is  the  amplitude  of  the  n^  sideband.  In  order  to  determine  the  required 


IF  bandwidth  for  a  given  Bj.p,  the  Bessel  functions  in  equation  (F-10) 
are  evaluated  for  tlu£  BJp  ,  and  only  the  sidebands  having  significant 
amplitude  need  be  passed  by  the  IF  filter.  For  example,  if  B^p  ■  2: 

J 

o 

(2) 

-  0.2239 

J1 

(2) 

-  0.5767 

J2 

(2) 

-  0.3528 

F-S 
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J3  (2)  -  0.1289 

J4  (2)  -  0.03400,  Ate .  (Ref.  7) 

Hence,  when  ■  2,  sidebands  whose  order  exceeds  3  can  be  neglected 

because  their  amplitudes  are  small,  and  B__  ■  6  f  . 

lr  in 

In  Appendix  F,  an  expression  relating  F,  and  B^  is  embodied 
in  equation  (F-3),  and  equation  (F-7)  relates  H  to  F.  Additionally,  the 
method  of  determining  B^  has  been  derived. 


F-6 


PHILCO 


wi 


DEVELOPMENT  LADONATOWIE* 


WDL-TN62-9 


APPENDIX  G 
SNR  PROPERTIES  OF 

STANDARD  AND  FEEDBACK  DISCRIMINATORS 


As  the  first  step  in  examining  the  SNR  characteristics,  the  deter¬ 
mination  of  the  bandwidth  required  by  any  given  £  will  be  found. 

Equation  (F-10)  of  Appendix  F  is  generalized  by  letting  £  s  0__,  <d  •  co  , 

la  C  O 

and  e  s  eT„.  When  this  is  done: 

Ir 


o 


e  s  A  l  Jq  0)  sin  oat  + 


J.  O)  sin  (co 


[sin  (a)  +  co  )  t  1  + 
c  .  j 

(0)  sin  (CD  +  2  CD  )  t  +  sin  (co  -  co  t) 

2  [_  c  m  c  m  J 

. ) 


(G-l) 


Equation  (G-l)  is  evaluated  (Ref.  7)  for  various  values  of  0  , 
and  the  sidebands  whose  Bessel  function  co-efficients  are  less  than 
0.03  are  disgarded;  the  result  is  shown  in  Figure  G-l  where  required 
bandwidth  divided  by  f  is  plotted  as  a  function  of  0  .  Figure  G-l 
can  be  used  to  find  the  required  information  bandwidth  for  a  given 
value  of  P  ,  ifP  is  between  zero  and  20.  Moreover,  the  information 
bandwidth  found  from  Figure  G-l  is  also  the  noise  bandwidth,  and  this 
noise  bandwidth  will  be  used  in  determining  the  signal  to  noise  ratio 
improvement  resulting  from  the  use  of  frequency  feedback. 


The  output  SNR  for  a  standard  discriminator  is  derived  by  Schwartz 
(Ref.  3)  and  is: 


G-l 
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Po  * 


3  P  ft*RT  x  2) 


2f_ 


where 


(G-2) 


output  SNR 
input  SNR 

input  noise  bendvidth  (low  pess  equivalent) 


The  value  of  in  Equation  (G-2)  is  equal  to  the  required 

information  bandwidth,  assuming  ideal  square  filtering. 


Equation  (G-2)  expresses  the  output  SNR  for  a  standard  discriminator, 
and  now  an  equation  expressing  the  output  signal  to  noise  ratio  of  a 
feedback  discriminator  will  be  found.  Assuming  the  time  varying  voltage 
(no  noise)  applied  to  the  loop  is: 

r  f. 

e.  <c>  s  Ac  #in  ("c  t+T  co*  v)  * 

m 

the  equivalent  frequency  input  (see  Appendix  A)  is: 

f  a  f ,  sin  oo  t  (G-3) 

o  m 

Taking  the  Laplece  transform  of  equation  (G-3)  yields: 

P1  <•>  =  -  <G~4> 

1  S  + 

m 

The  loop  transfer  function  at  the  low  pass  filter  output  is 
obtained  from  Appendix  B,  and  it  is: 


G-2 
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gill-  . 
R(i) 


K.  K  ab 

d  a 

82  +  2&a  •  +  a2 

n  n 


(G-5) 


where  C(s)  and  R(s)  are  defined  In  Figure  A-4  of  Appendix  A. 

R(s)  is  Che  equivalent  frequency  input  which  is  equal  to  F(a), 
(8)  in  this  case.  C(s)  is  taken  to  be  the  output  signal.  Therefore, 


C(s)  ■ 


£d“„ 

S2  +  a,2 
m 


K  K  eb 

d  a 

o  2 

S  +  2ta  S  +  o> 
n  n 


(G-6) 


The  steady  state  output  voltage  (in  the  time  domain)  is  obtained 
by  taking  the  Inverse  Laplace  transform  of  equation  (G-6), 


fd  KA  Kd  »b 

\  45 2  a2  a>2  +  (a>2  -  c/)  2 
i  n  m  \  n  m/ 


sin  (a^  +  f)  (G-7) 


But  since  s  "  f  '  ,  equation  (G-7)  becomes: 

in 

p  =  &  f„  *.  Kd  *b  («.*♦♦) 

\  4C 2  0)2  CD2  +  (a2  -  <o2>)  2 

N  n  m  V  n  o/ 


(G-8) 


The  normalised  output  signal  power  (based  on  a  1  0  load)  is  simply 
the  square  of  the  rms  value  of  PQ  in  equation  (G-8);  signal  power  is: 


P„  out  = 


a2  2  2  2  2  .2 

P«F  f.  Kd  ‘  b 

.,2  -2  2  /  2  _2  \ 
4C  a  ffl  +  a  ■  ffl  ] 
n  m  \  n  m' 


(G-9) 


Now  that  the  signal  power  has  been  determined,  it  is  only  necessary 
to  derive  the  output  noise  power  in  order  to  find  output  SNR.  The 
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technique  used  to  escertein  available  output  noise  power  is  findipg  the 
equivalent  input  noise  power  spectral  density  and  multiplying  it  |>y  the 
closed  loop  noise  bandwidth.  Of  course,  this  approach  is  predicted  on 
the  assumption  that  the  input  noise  has  a  flat  spectrum. 


Recalling  from  Appendix  A,  that  the  input  SKR  la: 

.2 


2So»»RF 


(6-10) 


Where 


Ac  s  carrier  amplitude 

Nq  a  noise  power  spectral  density 


Equation  (G-10)  is  normalised  by  dividing  numerator  and  denominator 
2 

of  the  right  side  of  A£  so  that  it  becomes: 


pi  * 


2  h; 


(G-ll) 


where 


n: 


N  /A 
o  c 


and 


Nq  is  in  (cps) 


-1 


Nq  in  Equation  (G-ll)  is  the  normalised  noise  power  spectral  density. 
From  Appendix  A,  the  equivalent  noise  power  spectral  density  for  a 
frequency  input  is: 


f2  N 


Gf(f) 


or  G.(a>)  s 


ar 


4  jf 


G-4 
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but: 


i2  P 


NRF 


Hence, 


to 


Gf  (®)  •  — T 

8*  Pi  PNRF 

If  a  rectangular  post-detection  filter  having  a  bandwidth  of  f  filters 
the  loop  output,  then  the  output  noise  power  is: 


8a2  PA  P 


NRF 


I 


-to 


CO 

m 


c  LttSL 


R  (J®) 


2  dco 
40 


but: 


(G-12) 


QXM 


R(jco) 


i2  b2  K2  K2 
_ Q  A 


« - 


2  +  {&  CO2  CO2 
n 


When  the  above  substitution  for 


C(lco) 


is  inserted  into  equation 


R(jco)  J 

(G-12),  evaluation  of  the  integral  is  exceedingly  difficult.  However, 
if  a  post-detection  filter  having  a  finite  number  of  poles  is  used,  the 
integration  limits  are  -  »  to  +  00  ,  and  then  the  integral  is  found 
by  contour  integration  as  was  done  in  Appendix  D.  Using  this  method. 


PH 


»2  b2  K2  K2  <D3 
_ A  dm 


N 


12  a 


4 

Pi"n 


(G-13) 


G-5 
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The  output  SNR  of  a  feedback  discriminator  is  found  by  dividing  equation 
(6-9),  which  is  output  signal  power  for  sinusoidal  modulation,  by 
aquation  (6-13).  The  result  is: 


12  « 


OapQ 


2  CD4  P 

n  NR? 


0>  3  0>2  0)2  +  (<J)2  -  (D2^2 

raj  n  m  \  n  m  / 


(G-14) 


Equation  (6-14)  is  simplified  if  the  assumption  that  (0  »  a>  is 

n  m 

made,  and  this  assumption  is  generally  valid  since  N  is  constrained 
so  that, 


N  <  2  "  *  (See  equation  (6-7)  of  Appendix  F. ) 


With  ®  »  0)  ,  equation  (G-14)  becomes: 


I5k  fH>) 


4x 


0) 

m 


^JRF  Pi 


(6-15) 


3  3 

But  a>m  *  8n  ,  so  equation  (6-15)  reduces  to: 


p  m 

o  2 


4 


(6-16) 


In  Appendix  G,  three  main  aspects  of  SNR  properties  have  been  considered. 
Firstly,  Figure  G-l  is  a  plot  of  required  open  loop  bandwidth  for  values 
of  P  between  zero  and  20.  Equation  (  G-2)  expresses  output  SNR  of 
a  standard  discriminator;  Equation  (G-16)  the  output  SNR  of  a  feedback 
discriminator  with  post-detection  filtering. 
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APPENDIX  H 
EXPERIMENTAL  RESULTS 


H.  1  GENERAL 

The  objectives  of  the  experimental  work  were  to  verify  that  a 
feedback  discriminator  does  indeed  have  a  frequency  compression  prop¬ 
erty  and  that  it  has  a  lower  threshold  than  a  conventional  discrimin¬ 
ator.  In  addition,  the  damping  factor,  p,  and  undamped  natural 
angular  frequency,  W  were  measured  and  compared  with  calculated 
theoretical  parameter  values. 

A  spectrum  analyzer  verified  that  a  feedback  discriminator  does 
compress  its  input  frequency  spectrum. 

Enloe's  and  Chaffee's  closed  loop  threshold  criteria  were  used; 

i.e.,  threshold  occurs  when  one  hears  a  "pop”  approximately  every 

second  through  earphones  attached  to  the  loop  output.  Thus,  a  closed 

loop  threshold  SNR  of  approximately  6  db  in  ,  closed  loop  noise 

bandwidth,  was  measured.  A  standard  discriminator  would  have  had » 

approximately,  a  10  db  threshold  (B  .  «  B„__  in  this  experiment) . 

ni  NKr 

The  damped  factor's  measured  value  was  0.37,  in  close  agreement  with 
the  calculated  value  of  0.376.  The  undamped  natural  frequency,  W^/2  A 
measured  23  kc,  compared  with  a  calculated  value  of  20  kc.  Relative 
closed  loop  output  as  a  function  of  angular  frequency  is  plotted  on 
Fig.  H-l. 


Ii-l 
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